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Motivation

Example (IMP) Example (Linear IMP)
while (x > n) block /:
X:=x-—n if (x > n)
end ; then x :=x —n; call /
OUT x else OUT x
call /

e IMP: idealized imperative programming language (Winskel)
@ Linear IMP: idealized imperative intermediate language

» blocks instead of loops
» no full sequential composition (form: x := a; ¢)
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Overview

IMP ---------- -~ regular programs
<
tail-recursive programs
C
linear IMP - - - - = linear tail-recursive programs

context-free programs
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Context-free programs

s,¢tbu = 1 | x | st | s+t | uxs (x eN) J

@ no variable assignments and conditions
o free variables as abstract actions
@ non-determinism

@ recursion operator

Example
1 skip
X program invoking action x
ux.x (@) silently diverging program
ux.l+ax (a%) program iterating a
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Traces

Trace := sequence of variables with ending

&EmCi=el # | x€  (xeN)

Trace concatenation

€N i=¢€
#n:=n
(x€)n == x(&n)

Note: partial traces are absorbing:

Example

(xye)(z#) = xye
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Trace semantics

&/s :=  is a trace of the program s

L E=eVE=# &G/s &/t £/s
€/s #/1 x¢/x §182/st §/s+t
¢/t §/Sux.s
§/s+t §/pux.s
Ts:= (€] ¢/5) A
Example

Tl=A{e#} T(xy)={exexye,xyat} T(nxx) = {e}

T (ux.1+ ax) = {e, ae, a#, aae, aa#, ... }
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Program equivalence

Program equivalence

sxct=Ts=Tt
Important equivalences
(s+t)+ums+(t+u) st+trt+s
d+s~s S+s=~s
s(tu)=(st)u ls=s

sl~xs

(s+t)ursu+tu

s(t+u)~st+su

gs~ I
Compatitibility with program structure
s = s R i s = s t=t srs
stxs't s+txs +t ,ux.s%,ux.s/
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Program classes

@ Tail-recursive programs
» Bound variables only in tail position

Example

1 X XX (pux.x)1 ux.1+ ax ux.x + (py.x+y)

@ Regular programs
> recursions restricted to the following forms:

D = pux.x (null program)
s* :=pux.l+sx  xnotfreeins (iteration)

@ Linear tail-recursive programs programs
» Sequential composition restricted to the form xs.

Example (Non-linear tail-recursive programs)

(xy)z  (x+y)z  (mxx)1
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Transformations

Regular programs and linear tail-recursive programs are tail-recursive

tail-recursive programs

< N

linearizer - - B
regular programs linear tail-recursive programs
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Regularization

@ Regularization: Transforming recursions into iterations

@ Regular bodies of recursions can be decomposed into an iterating and
a terminating part

Example

pux.l~ux.l+ 3 x
ux.ax X pux.d+ ax
pux.a* (x + b) =~ ux.a* b+ a* x

@ Decomposed recursions can be transformed to iterations

Ux.s +tx ~t's x not free in s and t
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Regularization - Example

Recursions are dissolved in a bottom-up fashion

Example

pux.a+ (ny.bx+cy+d)
—_———
~(bx+d)+cy
~ ux.a+ (py.(bx+d) +cy)

~c* (bx+d)
A ux.a+c* (bx+d)
N—_———

~(a+c* d)+c* bx
~ px.(a+c*d)+c*bx

~(c* b):?a—l-c* d)
~ (c*b)"(a+c"d)
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Regularizer

@ recursively transforms decomposed recursions to iterations

@ uses a decomposer D : var — cfp — cfp x cfp to decompose regular
bodies into their iterating and terminating parts

Regularizer
R : cfp — cfp
R1:=1
Rx:=x

R(st):=(Rs)(Rt)
R(s+t):=Rs+Rt
R (px.s) :=let(s1,52) := Dx(Rs)ins; 51
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Linearization of regular programs

Linearization: Dissolving full sequential composition

lu~ru
(st)ums(tu)
(s+t)ursu+tu
du~g

s'u=(ux.14+sx)u= ux.u+sx x not free in s and u

Example

(a+b)*c=(ux1+(a+b)x)c
~ px.c + (a+ b) x
~ pux.c+ax -+ bx
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Linearizer for tail-recursive programs

@ Goal: structure preserving linearization

@ |dea: remembering bound variables + appending continuation to
non-iterating parts

L : varset — cfp — cfp — cfp
Lylu:=u
Ly xu:=ifx € Vthenxelsexu
Ly(st)u:=Lys(Lytu)
Ly(s+t)u:=Lysu+Lytu

Ly (ux.s) u = px.Lyygg su x not free in u
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Linearizer - Example

Example

Ly (pux.a(b+x))c=px.Lig(a(b+x))c
= pux.Lyg a(Lg (b+x)c)
= px.Lgya(lypg be+ Lggxc)
= px.Lya(be+x)
= px.a(bc+ x)

Correctness statement for the linearizer:

tail-recursive s

) ) ) Lysu ~ su A linear tail-recursive Ly s u
linear tail-recursive u
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Linearizer - Correctness

& is a trace of s and ends with x € V
& =&1&, & is a total trace of s and x € V

1. ¢ is a partial trace of s and x € V do not occur in &
2.
Lysu
S/bvsuqy
do not occur in & and & is a trace of u

Example

a
bx

£ & teXatzatt}
& € {e, ce, c#}
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Abstract IMP

c,d == skip | a | ¢;d | ifbcd | whilebc (acA)

(beB)J

e A: set of of abstract actions
@ actions change the state
o B C A: set of tests closed under negation (b)

@ tests are partial identities on the state

Context-free abstractions (cfa)

fbcd~ bc+bd
while b ¢ ~ pux.b+ bcx

Correspondence
cfac~cfad— c~ppmp d
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Summary

abstract IMP - - €f2- -~ regular programs

n

tail-recursive programs

;‘_‘m@ﬂ;}/
linear tail-recursive programs

context-free programs

@ Abstraction from imperative programs

@ Verification of program transformations with respect to trace
semantics
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Future work

o Context-free abstractions for reactive IMP

e Total traces of context-free programs describe context-free languages
(extend context-free programs with mutual recursion)

@ Brzozowski derivatives for tail-recursive context-free programs
(deciding program equivalence)
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@ Appendix
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Tail recursion

Tail recursion

V|| Vs  trecys  trecyt

trecy 1 trecy x trecy (s t)
trecy s trecy t trec(vu{x}) S
trecy (s + t) trecy (px.s)

Linear tail recursion

xgV ltrecy s Itrecy s ltrecy t

ltrecy 1 ltrecy x ltrecy (x s) ltrecy (s + t)

Itrec( vu{x}) S
ltrecy (px.s)

Tail-recursive context-free programs 23 /21



Regularity

Regularity - version 1

regs  regt regs  regt x¢€Vs  regs
reg1 reg x reg (s t) reg(s+t) reg (ux.1 + s x)

reg &

Regularity - Version 2

xgV regy s regy t regy s regy t
regy 1 regy X regy (st) regy (s +t) reg, &
re8(vuix) *

regy (ux.1+ sx)

Tail-recursive context-free programs 24 /21



Abstract IMP

il o= dis | 5 | ed | Thed | wikbe (aed) GHed) J

@ X : abstract states
o A: set of of abstract actions
@ B C A: set of tests closed under negation (b)

@ Execution predicate —: ¥ x A x ©

tests as partial identities on the

state

b

Q0 ST —0=T
b

oa—>a<—>—|a—>a}
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Big-step semantics for abstract IMP

a b
c>T oc—0 (0,¢) =T
(o,skip) = o (0,a) =T (o,itbcd)=T1

R (0,d)=71

(o,ifbcd)=r71
oo (0,¢) =0’ (o’ ,while b ¢) = 7 020
(o,while b c) =7 (o,while b c) = o

V.

c~mp d :=Vor1. (0,¢) = 7+ (0,d) =71
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Encoding abstract IMP with context-free programs

Context-free abstractions (cfa)

if bcd~ bs+bt
while b ¢ ~ pux.b+ bsx

Correspondence
cfac~cfad— c~pmp d

a a
0'£>TZ<—>§=31,...8,,#/\0'—1>0'1—2>...a—">7'

for some 01,...,05-1

(0,¢) = 7 — 3&. &/cfa cho ST J ¢/cfa c—>a£>7—>(a,c)$7
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